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In this study, we attempt to obtain all probable
multiple solutions of the magnetohydrodynamic (MHD)
steady flow of micropolar nanofluid on an ex-
ponentially shrinking surface by the consideration
of concentration slip, thermal radiation, and con-
vective boundary condition with help of the revised
model of Buongiorno. The significance of the mass
suction on the existence of multiple solutions is in-
tegrated. The suitable pseudo‐exponential similarity
variables have been adopted to transfer the system of
nonlinear partial differential equations into a system
of nonlinear quasi‐ordinary ordinary differential
equations. The resultant system has been solved by
employing the Runge–Kutta fourth‐order method
along with the shooting method. Three different
ranges of solutions are noticed, namely triple solu-
tions and single solution. When ranges of the suc-
tion parameter are ≥S Sc1 and ≥S Sc2, then there
exist triple solutions otherwise there exists only single
solution. The effect of the numerous emerging para-
meters on the velocity profile, angular velocity profile,
temperature profile, concentration profile, coefficient of
skin friction, and local Nusselt and Sherwood numbers
are demonstrated graphically. Results reveal that the
velocity of the rotating fluid particles near the rigid
surface declines regularly by the rise of the micropolar
parameter K in the second and first solutions.
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1 | INTRODUCTION
Fluids play a dynamic role in various issues that are directly related to engineering and in-
dustrial applications, for example, glass blowing, crystal growing, metallurgical processes, and
polymer extrusion processes. The procedure where hot fluids are transformed into the cooling
system is known as thermophoresis procedure. In general, dealing with the two‐ and three‐
dimensional flows of non‐Newtonian fluids is a difficult task since the mathematical equations
of these fluids contain highly nonlinear terms especially when the effect of magnetic, ther-
mophoresis, Brownian motion, and convective boundary condition are taken into account.1,2
Regardless of these kinds of complications, researchers tried their best to deal with these
problems and solve them numerically and analytically. There is an interesting non‐Newtonian
fluid namely micropolar fluid. Micropolar liquids are liquids with inner structures in which
coupling between the spin of every particle and the angular velocity field is considered. These
kinds of fluids contain spherical particles, and rigid and randomly oriented particles dispersed
in the viscous medium in which the fluid particle's deformation is ignored.3,4 Physical examples
of micropolar fluids can be seen in ferrofluids, blood flows, bubbly liquids, liquid crystals, and
so on. It is stated in many studies that when the terms of the nonlinear present in any math-
ematical modeling, in fluid dynamics, there is a possibility of existence of more than one
solution.5‐7 Dero et al8 found three solutions in their study in which micropolar nanofluid in the
existence of thermal radiation impact was considered. Sandeep et al9 examined the micropolar
fluid in the presence of heat source/sink and successfully noticed two solutions. The stagnation
point flow of non‐Newtonian fluid was studied by Ishak et al.10 During the examination, they
noticed the existence of double solutions in the range of stretching/shrinking parameters.
Zheng et al11 also found dual solutions during the investigation of the micropolar fluid. Triple
exact solutions of the non‐Newtonian fluid were found by Turkyilmazoglu12 and he revealed
that only a single solution can be found when the slip parameter was improved. Moreover,
Aurangzaib et al13 examined the micropolar fluid and found two solutions on the exponentially
shrinking surface. Later, the work of Aurangzaib et al13 was extended by Ali et al,14 for
micropolar nanofluid. Besides, Ali et al14 also performed the analysis of the stability when triple
local similarity solutions of micropolar nanofluid were found. Raza et al15 also successfully
noticed triple solutions during the investigation of micropolar fluid in a channel with wall
changing conditions. Jeffrey fluid near the stagnation point flow was studied by Turkyilmazoglu
et al16 in which they successfully noticed the triple solutions. Some other related research
papers can be referred for the multiple solutions in these papers.17‐25 One can conclude from
the survey of the published literature that very few studies have been done so far in which
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researchers found triple solutions for the micropolar nanofluid. Therefore, we addressed the
existence of triple solutions of the micropolar nanofluid in this study.
In the last few years, different kinds of nanoparticles have gained more attention due to
their wide ranges of applications in various fields, such as biological sciences, biomedical
sciences, electromechanical systems, nanodrug delivery, solar absorption, and industrial
cooling.26‐28 Choi and Eastman29 were the first to introduce the nanofluid in 1995. It can
be defined as the spreading of nanometer‐sized particles in base fluids. Base fluids may be
water or other coolants, oil or other lubricants, biofluids, polymer solutions, blood, etc.30‐32
It is worth mentioning that nanoparticles are used in the base fluid in order to enhance
the heat transfer rate of the base fluid. These particles could be alumina, copper, silver,
gold, carbon nanotubes, graphite, carbides, nitrides, etc.33,34 Izadi et al35 examined the
micropolar nanofluid inside the chamber where the Nusselt number was increased by the
dispersion of nanoparticles in the fluid. Numerical investigation of micropolar nanofluid
was conducted by Sadiq et al36 in which Al2O3–water has a lower heat transfer rate and wall
shear stress than Cu–water. Dero et al37 examined the micropolar nanofluid and concluded
that the rate of concentration is increased for the higher values of the thermophoresis.
Lund et al38 studied the effect of thermophoresis and the Brownian motion parameter
on the micropolar nanofluid over the vertical shrinking surface. They concluded that
“the thickness of the thermal boundary layer enhances strictly in both solutions when Nt
increases from 0.1 to 0.7.” Akmal et al39 considered the micropolar nanofluid with the
effect of the induced magnetic field and noticed that the thickness of the boundary layer of
angular momentum shrinks in the variation of the Prandtl number. Few more important
studies on the Newtonian and non‐Newtonian nanofluid with the various flow and heat
characteristics of the nanofluids have been investigated in recent decades.40‐45
It can be determined from the review of the above and available studies that no study so
far has been considered for the micropolar nanofluid on the exponentially shrinking sheet.
The main aim of current study in hand is to discover all probable multiple solutions of the
micropolar nanofluid numerically over the exponentially shrinking surface by including a
permeable surface with the effect of thermal radiation, thermophoresis, magnetic and Brownian
motion parameters. Further, the shooting method with Runge–Kutta (RK) fourth‐order method
has been applied in this study to solve the system of the modeled equations. Figures were drawn
and demonstrated for various embedding parameters.
2 | PROBLEM DESCRIPTION AND FORMULATION
Let us consider the exponential shrinking surface with velocity lu x U e( ) =w 0
x2 for the steady
incompressible two‐dimensional (2‐D) MHD flow of a micropolar nanofluid in the presence of
thermal radiation and convective boundary condition. The strength of uniform field of magnetic
B0 is considered perpendicular to the sheet. Figure 1 shows the physical model of the problem.
Further, we ignore the effect of the field of induced magnetic as the magnetic Reynolds number
is small. With all the above assumptions, the governing system of equations in the form of
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The respective velocities of x and y‐axes are u and v. Further, ρ σ σ κ N γ j T α, ϑ, , , , , , , , ,1
and A are the density, kinematic viscosity, electrical conductivity, Stefan–Boltzmann con-
stant, vortex viscosity, microrotation, spin gradient viscosity, ratio of micro inertia and unit
mass, fluid temperature, thermal diffusivity, and concentration slip factor parameters, re-
spectively. The magnetic field is assumed as B = B ex l0 /2 . Further, τ ρc ρc= (( ) )/( )p f1 is the
ratio between the effective heat capacity of the nanoparticle material and capacity of
FIGURE 1 Physical model and
coordinate system
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the fluid. Moreover, ∞ ∞D D T T C C, , , , ,B T f w , and A A e= x l1 − /2 are the respective Brownian
diffusion coefficient, thermophoretic diffusion coefficient, temperature of the wall, ambient
temperature, concentration of wall, ambient concentration, and concentration slip factor.
It is worth mentioning that strong concentration is possible when m = 0 and therefore,
microelements are close to wall and are not rotatable. Furthermore, weak concentration can
be noticed when m = 0.5, and the modeling of the turbulent boundary layer flows can
be examined whenm = 1.37 Further, the velocity components u and v can be expressed with






By substituting (7) in (2)‐(5), we have following system of PDEs:
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Furthermore, ( ) ( )γ μ j μ j= + = 1 +κ K2 2 is considered where material parameter




, which depends on the independent
variable x, we cannot reduce the governing equations into the self‐similar solutions. Hen-
ceforth, we use the pseudo‐similarity variable in order to get the local similarity solution.
This is a property of local similarity solutions that the derivative of the functions of
f g θ, , , and ∅ with respect to x should be equal to zero. Therefore, it is worth mentioning
that f x η f η g x η g η θ x η θ η( , ) = ( ); ( , ) = ( ); ( , ) = ( ) and ∅ ∅x η η( , ) = ( ).14,46 In this regard, all
terms of right‐hand side become zero, and we have the following system of third‐order
nonlinear quasi‐ordinary differential equations (ODEs):
K f ff Kg f Mf(1 + ) ″′ + ″ + − 2 − = 0,′ ′ ′2 (12)
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Subject to boundary conditions
∅ ∅
→ → → → → ∞
f S f g mf θ A θ δ
f η g η θ η ϕ η η
(0) = ; (0) = −1; (0) = − ″(0); ′(0) = − [1 − (0)], (0) = 1 + ′(0)
′( ) 0; ( ) 0; ( ) 0; ( ) 0 as .
′ C (16)
Here, differentiation with respect to η is denoted by prime, K κ μ= / is non‐Newtonian
parameter, M lσ B ρU= (2 ( ) )/0 2 0 is Hartmann number, Pr α= ϑ/ is Prandtl number,
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∞Rd T σ k k= (4 )/
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⁎ is the thermal radiation parameter, ∞ ∞N τ D T T νT= ( ( − ))/t T w1 is thermo-
phoresis parameter, ∞N τ D C C ν= ( ( − ))/b B w1 is parameter of Brownian motion, Sc D= ϑ/ B is
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is the concentration slip parameter, and S > 0
and S < 0 are mass suction and injunction parameter, respectively.



















































where Cf is skin friction coefficient, Nu is the Nusselt number, and Sh is the Sherwood number.
By using (7) in (17), we get
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where Re lu= /ϑx w is the local Reynolds number.
3 | NUMERICAL METHOD
To obtain the numerical solutions of Equations (12) to (15) subject to the boundary conditions
(16), shooting technique along with the RK method of the fourth order is employed. Shooting
method helps to reduce the third‐order ODEs (12‐15) into the first‐order ODEs, such that
p f q p r h q
K
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f S p q α h nα r α(0) = ; (0) = −1; (0) = ; (0) = − ; (0) = ;1 1 2
∅A θ α r α δ α− [1 − (0)] = ; (0) = ; (0) = 1 + ,C3 ⁎ 3 4
where α1, α α, ,2 3 and α4 are called as unknown initial conditions. These three missing values α1,
α α, ,2 3 and α4 have to be obtained by using different shoots, this process of shoots will be
continue until the profiles of the → → →f η h η θ η( ) 0; ( ) 0; ( ) 0′ and ∅ →η( ) 0 satisfy the
boundary condition → ∞η . We built a shootlib function, shooting method with RK method, in
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the mathematical software called as Maple 18 for converting the higher‐order ODEs to the
first‐order ODEs. Then the resultant first‐order ODEs have been solved by the RK method.
Further, a detailed discussion about the shooting method with Maple software can be seen in
the paper of Meade et al.48
4 | RESULT AND DISCUSSION
In this section, Figures 2‐21 are plotted to enlighten the salient features of the sundry parameter
like S Pr Nb m K M Sc Bi Nt Rd, , , , , , , , , , and δc on velocity f η( ),′ temperature θ η( ), concentration
profiles ϕ η( ), skin friction f ″(0), couple stress coefficient g (0)′ , heat transfer coefficient θ (0)′
and concentration coefficient ϕ (0)′ . Figure 2 presents the comparison of present study with
Aurangzaib et al13 through graphical depiction. After keenly analyzing this profile, we can say
that current study carried out excellent argument with the previously published results and
therefore, our numerical solutions of the considered problem are very much sound. Figure 3
elucidates the simultaneous effect of suction parameter S and micropolar parameter K on
skin friction coefficient f ″(0). It is worthy to focus that multiple solutions exist for the case
of suction and the critical values of suction parameter are S S= 2.1257, = 2.6746c c1 2 where
multiple solutions exist. Therefore, we can say that if suction parameter ≥S Sc1 and ≥S Sc2,
then there is triple solution otherwise there exists only single solution. Moreover, skin friction
coefficient f ″(0) near the rigid plate decreasing as the non‐Newtonian micropolar parameter K
increases for the first and second solutions. Physically, this is due the fact that non‐Newtonian
FIGURE 2 Comparison of f ″(0)
at the various values of the S with
Aurangzaib et al13 [Color figure can be
viewed at wileyonlinelibrary.com]
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fluid offers great reduction in the fluid velocity near the plate as increases the values of
micropolar parameter K increases. However, conflicting behavior can be seen for the third
solution. The same trend of the skin friction coefficient can be seen in Figure 4 for the variation
of different numerical values of magnetic parameter M and micropolar parameter K . It is
noticed that due to the strong magnetic force, skin friction coefficient increases in the first and
the second solutions. This is due to the fact that magnetic field creates the Lorentz force, which
intensifies the drag force. Similarly, effects of micropolar parameter K , suction parameter S and
magnetic parameter M on couple stress coefficient g (0)′ can be seen from Figures 5 and 6,
respectively. It is noticed from these profiles that multiple solutions exist for the variation of
suction parameter S and the trend of these profiles are similar to Figures 4 and 5. Figures 7
and 8 are presented to highlight the effect of suction parameter S, magnetic parameter M on
FIGURE 3 Skin friction coefficient f ″(0) at the various values of the S [Color figure can be viewed at
wileyonlinelibrary.com]
FIGURE 4 Skin friction coefficient f ″(0) at the various values of the M [Color figure can be viewed at
wileyonlinelibrary.com]
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heat transfer rate θ− (0)′ for the variation of micropolar parameter K . Moreover, after analyzing
Figure 7, it is worthy to establish the argument that heat transfer coefficient decreases for the
first and the second solutions and uplifted for the third solution by the increase in the values
of K . Furthermore, the critical value of suction parameters S for K = 0.1 and K = 0.2 are
S = 2.1257c1 and S = 2.6746c2 respectively. So, we can state that for ≥S S S,c c1 2, are the values
where multiple solutions can be examined. Similarly, for K = 0.1,0.2 and the variation of
magnetic parameter M , if ≥ ≥M M M M MΓ = { : = 0.1786 and = 0.4612}c c1 2 satisfies, then
occurrence of the multiple solutions can be examined (see Figure 8). Trend of the concentration
coefficient ∅− (0)′ at the various values of the S and M can be seen from Figures 9 and 10,
respectively. It is examined that rate of the concentration increases for the higher values of the
FIGURE 5 The couple stress coefficient g (0)′ at the various values of the S [Color figure can be viewed at
wileyonlinelibrary.com]
FIGURE 6 The couple stress coefficient g (0)′ at the various values of the M [Color figure can be viewed at
wileyonlinelibrary.com]
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suction parameters in all solutions. On the other hand, reverse trend is noticed for the third
solution when magnetic parameter is increased.
Figure 11 clarifies the trend of velocity profile f η( )′ for the variations of micropolar para-
meter K for M = 0 and M = 0.5. This plot shows that the velocity of the rotating fluid particles
near the rigid surface decline regularly by the rise of micropolar parameter K for M = 0 and
M = 0.5 for the first and the second solutions. This is due to the fact that the fluid particles
which do not fall in the class of Newtonian fluid, offer great confrontation near the rigid body.
However, for microrotation profile (Figure 12), the first solution is decreasing and the second
and third solutions are increasing function for various of micropolar parameter K for M = 0
FIGURE 7 The heat transfer coefficient θ− (0)′ at the various values of the S [Color figure can be viewed at
wileyonlinelibrary.com]
FIGURE 8 The heat transfer coefficient θ− (0)′ at the various values of the M [Color figure can be viewed
at wileyonlinelibrary.com]
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and M = 0.5. Figure 13 shows the effect of thermophoresis parameter Nt on temperature profile
θ η( ). After studying this graph, we can say that thermal boundary layer thickness rises by
increase in the thermophoresis parameter Nt. In other words, temperature profile shifted up-
ward by the enhancement in the thermophoresis parameter Nt. Physically, increase in the
thermophoresis parameter Nt leads the existence of the temperature gradient, therefore, fluid
particles move from high to low temperature. Moreover, under the presence of the radiation
parameter Rd = 1, temperature profile rises efficiently as compared with the case where
radiation parameter Rd = 0. A similar tend is observed in Figure 14 which is plotted to de-
termine the effect of temperature profile θ η( ) for the various values of the Nt at ∞Bi = 3, .
Figures 15 and 16 are prepared to examine the effects of Brownian diffusion parameter Nb with
FIGURE 9 The concentration coefficient ∅− (0)′ at the various values of the S [Color figure can be viewed
at wileyonlinelibrary.com]
FIGURE 10 The concentration coefficient ∅− (0)′ at the various values of the M [Color figure can be
viewed at wileyonlinelibrary.com]
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the variation of Rd and Bi, respectively. The effect of various physical parameters on con-
centration profiles ϕ η( ) are sketched from Figures 17‐21. It is noticed from these profiles that
the concentration layer thickness for all the solutions (the first, the second, and the third) rises
monotonically for the distinct values of the parameters in hand. Hence, concentration profile
increases for the variation of the physical parameters involved in this study.
FIGURE 11 Velocity profile f η′( )
at the various values of the K [Color
figure can be viewed at
wileyonlinelibrary.com]
FIGURE 12 Angular velocity
profile g η( ) at the various values of the
K [Color figure can be viewed at
wileyonlinelibrary.com]
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5 | CONCLUSION
The current examination examines a steady MHD micropolar nanofluid flow on a permeable
exponential shrinking surface in the presence of thermal radiation with the effect of con-
centration slip and convective boundary condition. The graphical comparison has been done for
FIGURE 13 Temperature profile
θ η( ) at the various values of the Nt
[Color figure can be viewed at
wileyonlinelibrary.com]
FIGURE 14 Temperature profile
θ η( ) at the various values of the Nt
[Color figure can be viewed at
wileyonlinelibrary.com]
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this problem, the existing results of the present study display excellent accuracy with the paper
of Aurangzaib et al13 graphically. The key conclusions from the current study are specified as
1. Triple solution range is possible only for the high suction case.
2. The stable solution also exists in the mass injection case, which normally does not exist.
FIGURE 15 Temperature profile
θ η( ) at the various values of the Nb
[Color figure can be viewed at
wileyonlinelibrary.com]
FIGURE 16 Temperature profile
θ η( ) at the various values of the Nb
[Color figure can be viewed at
wileyonlinelibrary.com]
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3. The velocity and angular velocity of fluid increase in the first solutions when the material
parameter is increased on both surfaces.
4. The profiles of temperature rise in all solutions when the thermophoresis and Brownian
motion parameters, thermal radiation parameter, and Biot number are increased on both
surfaces.
FIGURE 17 Concentration profile
ϕ η( ) at the various values of the Nt
[Color figure can be viewed at
wileyonlinelibrary.com]
FIGURE 18 Concentration profile
ϕ η( ) at the various values of the Nt
[Color figure can be viewed at
wileyonlinelibrary.com]
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5. The concentration profiles of the micropolar nanofluid decrease in all solutions
for the intensive effect of Brownian motion and slip‐effect parameters on both
surfaces.
6. The concentration profiles increase when the thermophoresis force is enhanced.
FIGURE 19 Concentration profile
ϕ η( ) at the various values of the Nb
[Color figure can be viewed at
wileyonlinelibrary.com]
FIGURE 20 Concentration profile
ϕ η( ) at the various values of the Nb
[Color figure can be viewed at
wileyonlinelibrary.com]
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